The Lambertian limit for solar cells is a benchmark for evaluating their efficiency. It has been shown that the performance of either extremely thick or extremely thin solar cells can be driven close to this limit by using an appropriate photon management. Here we show that this is likewise possible for realistic, practically relevant thin-film solar cells based on amorphous silicon. Most importantly, we achieve this goal by relying on random textures already incorporated into state-of-the-art superstrates; with the only subtlety that their topology has to be downscaled to typical feature sizes of about 100 nm.
Introduction
Thin-film solar cells are considered to be attractive candidates for photovoltaic elements. They can be fabricated at low costs on large areas. Due to the small thickness, the requirements imposed on the electronic properties of the involved materials are less severe than for the comparably thick wafer based cells made of crystalline silicon. Therefore, thin-film cells require less chemically pure material with less perfect structural order; which helps to reduce their fabrication costs. Among various possible inorganic materials suitable for thin-film solar cells, hydrogenated amorphous silicon (aSi:H) is potentially the most attractive material because it is abundant and nontoxic. However, carrier collection in a-Si:H is hampered by their low initial mobility-lifetime product [1, 2] which is further reduced due to light induced degradation [3] . Consequently, the optimal thickness of the aSi:H thin-film solar cells is limited to ≈250 nm. Although a further thickness increase leads to a higher absorption, insufficient carrier collection results in a reduction of the photocurrent and the fill factor. It is detrimental for the device performance that this (C) 2011 OSAthickness limitation yields to an insufficient light absorption of spectral components near the absorption edge [4] . This constitutes a, if not to say the major, limitation to be lifted. For that purpose a mere improvement of the material is out of the scope since it requires to abandon the material advantages of aSi:H. Instead, the absorptance has to be enhanced at wavelengths, where the absorption length is much larger than the absorber thickness. This can be achieved by integrating an assisting light trapping structure whose purpose is to steer the mould of light at the nanoscale inside the solar cell.
In order to increase the absorption of impinging sun light in aSi:H thin-films, various experimental schemes attracted considerable research interest recently. Some of them are rather explorative such as, e.g. the inclusion of microspheres [5, 6] , ultra light trapping schemes [7] , nanowires [8, 9] , or plasmonic nanostructures [10, 11] . Currently, it is unclear whether at all, how, and also when such structures will find their way into commercial solar cells, since because of their higher costs they are required to perform appreciably better than structures already in place. To date the most common approach for an efficient light trapping in aSi:H is the use of textured surfaces made of a transparent conductive oxide (TCO). The purpose of these textures is to reduce reflection losses and to enhance the scattering of light, which leads to an effectively enhanced optical path length in the solar cell. For a Lambertian scattering texture, it was shown that the maximum achievable path length enhancement in the weakly absorbing limit amounts to 4n 2 , with n being the refractive index of the absorbing material [12] . This Lambertian limit, also called Yablonovitch limit, constitutes a referential benchmark for every possible light trapping scheme. Moreover, the race is on to propose structures that potentially even beat that limit, or operate at least as close as possible to it. For absorber thicknesses in the order of several hundreds of μm (being essentially wafer based solar cells), suitably tailored V-shaped grooves outperform the Lambertian limit [13, 14] . Recently, deterministic asymmetric pyramids were equally found to provide a better performance than the Lambertian limit for thicknesses of the absorbing layer between 1 and 10 μm [15] . On the other hand for extremely thin solar cells with a thickness in the order of only a few nanometers, the exploitation of a large number of diffraction channels also made it possible to reach the Lambertian limit and to even go beyond for the scenario, where an absorber is coupled to a scatterer, whose refractive index is larger than the index of the absorber [16, 17] .
However, from a practical point of view it is difficult to find a sufficiently transparent scatterer with a refractive index much larger than 3.5, which would be required for silicon based thin-film solar cells. Furthermore, it is of utmost importance to reach this limit for thin-film solar cells with relevant thicknesses, i.e. thicknesses in the order of about 250 nm. The aim of this Letter is to show that this can be achieved. This is a key step towards an ultimate implementation in a commercial device because it constitutes only a slight modification of the current fabrication technology. Therefore, the starting point for our consideration is a textured surface as already used in state-of-the-art thin-film solar cells made of ZnO. These materials can be sputtered onto the superstrate and afterwards etched [18] , or grown with chemical vapor deposition [19] . By carefully adjusting the parameters of the growth and etching process, different topologies can be achieved. Further requirements for a sufficiently good TCO are high transparency in the spectral domain between 350 and 1100 nm, high conductivity and a surface on which the subsequent solar cell can be grown with marginal defects. Optimizing the fabrication is not straightforward, since some of these requirements contradict, e.g. the high free carrier density required for high conductivity lowers the transparency in the NIR due to free carrier absorption. Due to the complexity of this ongoing optimization process, various, deviating topologies are presently available and still under investigation. However, all these topologies perform below the Lambertian limit.
By means of rigorous simulations we will show here that by suitably scaling both the texture height and length, the cell performance approaches the Lambertian limit and may even exceed it in narrow spectral domains. Whether or not the Lambertian limit is approached is marginally affected by the actual topology. In fact, various textures could be pushed in their performance to reach this limit for an appropriate scaling. Moreover, the suitable scaling to reach the limit suggests smaller feature sizes as more optimal when compared to those already in place. Thus, a key message of this Letter is foremost a pleading for exploiting nanoscopic structures in photon management. Along this path from an optical point of view we disclose further aspects why certain textures perform better than others. It will be shown that they operate closer to the point of optimal scaling. It has to be stressed that our considerations focus only on the optical aspects of solar cells. Further issues related to the electrical properties might affect the overall performance as well and thus the ultimate choice of a certain texture. An artistic view of the solar cell under consideration is shown in Fig. 1(a) . The textured ZnO layer is deposited on a glass superstrate. In a following step a 250 nm thick aSi:H-layer is comformally deposited, which is followed by an additional ZnO layer. The cell is finalized by a planar perfect electric conductor (PEC) which has a minimum distance to the aSi:H layer of 100 nm and which provides complete back reflection. We used the Rigorous Coupled Wave Analysis (RCWA) for the numerical treatment [20] , which allows to solve Maxwell's equations rigorously for periodic structures in frequency domain. In our considerations we rely, therefore, on periodic super cells. The super cells were chosen sufficiently large to exclude any spurious influence. In RCWA the spatially varying dielectric properties of the material and all fields were expanded in a plane wave basis with 21 × 21 Fourier components, sufficient to assure convergence of all simulated quantities. For the illumination we assumed normally incident unpolarized light. For glass and ZnO we as-sumed perfect transparency and refractive indices of 1.5 and 2.0, respectively. The optical properties of aSi:H were taken from the literature and their precise spectral dependence was taken into account [21, 22] . Due to the PEC at the backside, the spectrally resolved absorptance of the aSi:H layer A(λ ) is then given by A(λ ) = 1 − R(λ ), with R(λ ) being the total reflectance of the investigated structure.
For the textures we relied on superstrates already discussed in literature [23] . Their topology [see Fig. 1(b)-1(d) ] was recorded with an atomic force microscope. We considered the commercially available superstrate Asahi-U (characterized by lateral feature sizes in the range of 500 nm and a maximum texture height of H tex ≈250 nm), superstrates fabricated in Neuchâtel [24] (lateral feature sizes in the range of 500 nm, H tex ≈500 nm) and in Jülich [25] (lateral feature sizes in the range of 1-2 μm, H tex ≈1000 nm). For the numerical implementation of these superstrates we relied on measured samples with dimensions of 3 × 3 μm 2 for the Asahi-U and Neuchâtel textures, and on 4.5 × 4.5 μm 2 for the Jülich superstrate. We modified these textures slightly to ensure that they are continuous at the boundaries if arranged in a periodic pattern. To evaluate the performance of the textures, we calculated the absorptance of the corresponding solar cell implemented as in Fig. 1(a) for 111 equally distributed wavelengths between 300 and 850 nm. The calculated absorptance spectra for the Neuchâtel texture is shown in Fig. 2 . In addition to the spectral dependency, we have varied the characteristic lateral length of the texture by a suitable scaling factor f scal . To this end, we kept the height of the texture constant and calculated the absorptance for different lateral sizes of the unit cell given by f scal . Similar graphs were obtained for the other superstrates. A scaling factor f scal of one [lg ( f scal ) = 0] corresponds to the texture as fabricated. Prior to any further discussion, it has to be noted that light at wavelengths below 550 nm is completely absorbed once it enters the aSi:H-layer. The intrinsic absorption coefficient of aSi:H is sufficiently high that this is possible with the chosen material thickness. Hence, in this spectral domain the dominating loss mechanisms are reflections occurring at the glass/ZnOand at the ZnO/aSi:H-interface. So, in general, the absorptance increase in this spectral domain can be directly attributed to the reduction of reflection losses by the texture . In the spectral domain between 550 nm and 800 nm the absorption coefficient of aSi:H drops and hence light trapping is needed in addition to effective light incoupling in order to realize a high absorptance. In our context this is the most relevant spectral domain for light trapping since such a shift of the spectral range of low absorptance towards longer wavelengths proves highly beneficial for increasing the photocurrent of the solar cell. At wavelengths exceeding 800 nm the absorptance is negligible regardless of any light trapping schemes; thus, this spectral domain does not need to be considered.
At first we want to discuss the absorptance for wavelengths below 550 nm in more detail. In the limiting case of very small lateral scaling factors f scal 10 −2 the impinging light cannot resolve the spatial features and does not undergo any scattering events. The texture is deep sub-wavelength and the illumination rather experiences an effective medium with a continuously varying refractive index. This is beneficial for reducing the reflection losses [26] and for keeping the absorption large. For intermediate scaling factors ( f scal 1) the impinging light can resolve the texture and is hence partially scattered. The light back scattered at the ZnO/aSi:H-interface can then undergo an additional transmission event at the ZnO/aSi:Hinterface. This might happen if it is directly reflected onto another crater face, or if it detours to the glass/ZnO-interface, where it experiences total internal reflection (TIR) [27] . As a consequence, both additional transmission events lead to the reduction of reflection losses. For very large lateral scaling factors ( f scal > 10) most features of the texture are larger than the impinging wavelengths and, consequently, the light hits a surface which is locally almost flat. Hence, the cell can be locally described as a slightly tilted planar layer stack. Therefore, in this limit the light will be reflected at all interfaces, especially at the glass/ZnO-and at the ZnO/aSi:H-interface. These reflection losses will decrease the amount of light coupled into the aSi:H-layer and reduce the absorptance. Thus, we conclude, that in this limit the absorption will be comparably low. Following the discussion above, a gradual decrease of the absorptance in the spectral domain below 550 nm for increasing f scal is expected as a general trend, which is observed in more detail in Fig. 3 where the absorptance is shown for several wavelengths. Since the considered texture is of random nature, no particular wavelength should be generally preferred in the considered spectral range. Hence, it can be anticipated that the described tendency below 550 nm should likewise hold for wavelengths above 550 nm. This is valid in the limiting cases of either very large or very small scaling factors, since textures in these limits do not scatter light but may reduce reflection losses only. However as can be also observed in Fig. 2 for wavelengths exceeding 550 nm a resonance domain exists in a certain interval of scaling factors f scal , which are, interestingly enough, slightly smaller than unity [lg ( f scal ) < 0]. For such textures with lateral features in the order of around 150 nm, several effects may occur, which result in a stronger light localization within the aSi:H-layer. First of all, although the impinging light can resolve such large features the texture still benefits from reduced reflection losses as already discussed above. An additional effect promoting localization is the excitation of leaky modes within the aSi:H film. Note that due to the random nature of the considered texture, which is characterized by many different tangential wave vector components, guided modes are only weakly excited [28] . Another mechanism is the lightning rod effect, which can be associated with localization of light near points of strong curvature of the surface [29] . And at last we expect scattered light, which is trapped due to TIR at the glass/ZnO-interface and can undergo additional absorption events. All these effects which cause a localization translate directly into an increased local absorption since it is proportional to the local field intensity.
In a more physical picture, the structure can be understood as a strongly scattering element which supports a large number of diffraction channels. They are all excited with nonzero amplitudes where the exact excitation strength is difficult to determine due to the complexity of the structure. The absorptance in the limiting cases of either small or large scaling factors is much less whereas the performance of the solar cell in this intermediate resonance regime is largely enhanced. For scaled feature sizes of only a few tens of nanometers, the diffraction channels are not excited at all since light experiences effectively a homogenous medium. For structures much larger than the optimal scaling the structure appears almost flat and no significant amount of diffraction channels is excited, which would be required to approach the Lambertian limit [17] . Only in this resonance domain the structure exploits them and allows for a much larger absorptance than a solar cell operated in either of the limiting regimes. Furthermore, there are no symmetry considerations prohibiting the excitation of a significant amount of the diffraction channels [15] due to the randomness of the texture. Weighting the calculated absorptance with the number of incident photons given by the AM1.5g solar spectrum [30] and integrating over the spectral domain of interest provides the number of photons absorbed in the aSi:H layer. An upper limit of the short circuit current density (J SC ) can be obtained by assuming that each absorbed photon generates one electron-hole-pair and that all generated carriers are perfectly collected at the corresponding contacts. The J SC calculated for the different textures is plotted in Fig. 4 . The black horizontal line depicts the Lambertian limit, where the spectrally dependent absorptance of the aSi:H layer was calculated according to:
which is applicable also in the case of a non-vanishing absorption [31] . Here, α(λ ) is the spectrally resolved absorption coefficient given by α(λ ) = 4πn (λ )/λ , n (λ ) and n (λ ) are the real and imaginary part of the refractive index of aSi:H, respectively, and d is the thickness of the aSi:H layer amounting to 250 nm. The factor of 0.98 accounts to the transmission of the glass/ZnO-interface. The corresponding reflection losses can be further decreased by incorporating additional antireflection layers between glass and ZnO, but that aspect is of minor importance for the present consideration. We distinguish in Fig. 4 the different superstrates as well as the dependency of the short circuit current density on the scaling factor. As can be observed, the general tendency of all curves coincides. Of course, due to the differing lateral feature sizes of the unscaled textures, these curves are slightly shifted with respect to each other, but otherwise the functional dependency is fully preserved. Note, that a scaling factor of unity [lg ( f scal ) = 0] is related to the superstrates as fabricated. For very small or very large f scal , the J SC s are almost constant and determined by the texture-induced reduction of reflection losses, as already discussed. In the resonance domain defined above the increased absorptance around the absorption edge of aSi:H leads to an increased J SC . For small values of f scal only a small fraction of the texture features are already large enough to provide sufficient localization of the light within the aSi:H layer which explains the smooth increase of J SC with increasing f scal . Analogously for large values of f scal , only a small fraction of the texture features is still sufficiently small to localize the light which explains the smooth decrease of J SC with increasing f scal . Since all shown curves have their maximum in the same range of 19-21 mA/cm 2 , we conclude, that for achieving a high J SC with randomly textured surfaces, the exact shape of the textures is of minor importance. A more severe tuning issue consists in adjusting the lateral feature size.
Impact of vertical scaling
To further back the conclusion that the exact texture shape is of minor importance, we calculated J SC as a function of the maximum texture height H tex , i.e. we scaled all textures studied along the vertical dimension, where f scal was chosen from the maxima in Fig. 4 . The results are shown in Fig. 5, where the large open circle in each curve corresponds to the texture height as measured. For small heights, the textures are almost flat and the absorptance suffers from high reflection losses. For increasing H tex more light is coupled in and the texture yield an additional light localization inside the aSi:H layer. However, for texture heights above 200 nm, J SC seems to saturate. In line with the argumentation above, the saturation is due to an optimum excitation of all diffractive channels by the structure. The question to be posed is, how closely this saturation limit approaches the Lambertian limit. Figure 6 visualizes the calculated absorptance spectra for the different superstrates corresponding to the maxima in Fig. 4 . Note that the shown curves are smoothed, in order to make the plots more accessible to the eye. It can be observed, that all superstrates, except the quite shallow Asahi-U one, exhibit very low reflection losses for wavelengths below 550 nm. For comparison the absorptance calculated for the Lambertian limit according to Eq. (1), is also shown as the black curve. The most important information which can be extracted from the figure is that the absorptance spectra for the most suitably scaled textures are all quite close to the Lambertian limit. Hence, it might be concluded that the incident light is perfectly scattered. Table 1 summarizes the obtained results quantitatively in terms of J SC . The data shown confirm that the optimized lateral feature size amounts to about 150 nm which is accessible by modern nanofabrication technologies [32] . Moreover, this feature size does not deviate much from those of already available textures. Their point of operation is yet simply chosen slightly inappropriate, though a small reduction of the lateral feature size towards the nanoscopic range will potentially yield a big leap towards a much more efficient solar cell. Moreover, the essential finding here is that the subtle topological details of the texture are of secondary importance only.
Approaching the Lambertian limit

Summary
In conclusion, in this paper we have investigated the dependence of the absorptance of thin-film solar cells incorporating a randomly textured superstrate, when laterally scaling the texture. It has been shown that for sufficiently large modulation heights the short circuit current density strongly depends on the lateral feature size. For lateral feature sizes in the optimum range around 150 nm, a further increase of the aspect ratio by increasing the modulation height leads only to minor changes in the J SC . Furthermore we could show, that such an optimized texture leads to absorptances approaching the Lambertian limit. It may be anticipated that this work will facilitate the further optimization of textured superstrates utilized in thin-film photovoltaics.
